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In [1,2] we established and discussed the algebra of observables for 2 + 1 gravity 
! at both the classical and quantum level, and gave a systematic discussion of the 

^ . reduction of the expected number of independent observables to 6g — 6{g > 1). In 

CT'' this paper the algebra of observables for the case g = 2 is reduced to a very simple 

^1 form. A Hilbert space of state vectors is defined and its representations are discussed 

using a deformation of the Euler-Gamma function . The deformation parameter 6 
^ . depends on the cosmological and Planck's constants. 
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1. Introduction. 

In a previous article [1] we presented the abstract quantum algebra for 2 + 1 gravity 
with cosmological constant A: 
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where X = , = e*^, A = —^r^ is the cosmoloeical constant and h is Planck's 
constant . In (1.1-4) m,j, /, k. are 4 anticlockwise points of Fig.l. m^j^l^k = 1 ■ ■ ■ n, 
and the time independent quantum operators aih correspond to the classical "^"^"^^ 
gauge invariant trace elements 

= aji = h^(s{tiU+i---tj-i)) , SeSL{2,R) (1.5) 

For n = 2g + 2 the map S : 7ri(S) SL{2,R) is defined by the integrated 
anti-De Sitter connection in the initial data Riemann surface E of genus g, and 
refers to one of the two spinor components, say the upper component, of the spinor 
group SL{2, R) (8) SL{2, R) of the gauge group S0{2, 2) of 2 + 1 gravity with negative 
cosmological constant [2]. The algebra (1-1-4) is invariant under the quantum action 
of the mapping class group on traces [1] , the lower component yields an independent 
algebra of traces bij identical to (1-1-4) but with K — > 1/K. Moreover {aij,bki) 
V k, I. Here we discuss only the upper component- The homotopy group 7ri(S) 
of the surface is defined by generators U, i = 1 • • • 2^ + 2 and presentation: 

*1*2 • • • ^2p-|-2 = I5 tlH ■ ■ ■ ^20+1 = I5 *2*4 • • • ^23+2 = 1 (1-6) 

The first relator in (1.6) implies that E is closed. The operators in (1.1-4) are or- 
dered with the convention that t{aij) is increasing from left to right where t{aij) = 

(^-l)(2n-2-^) j _ l_ 

The case of (7 = 1, the torus, has been studied extensively, both in this approach 
[2], and others [3,4]. In this approach the algebra (1.1-4) is isomorphic to the quantum 
algebra of SU{2)q when A 7^ [2]. For A = it has been shown [5] that the metric 
approach to determining the complex modulus of the torus [3] is classically equivalent 
to the classical limit of (1.1-4) for n — 4. There are similar, recent results for A ^ 
[6]. 

For g > 1 there are very few results apart from those of Moncrief [3] who studies 
the second order, metric formalism and achieves very general results. In this article 
the case g = 2 of the algebra (1.1-4) is studied in detail. In [7] we determined for 
n < 6, i.e. g < 2 a set of p linearly independent central elements A^rm ^ — 1 ■ ■ - p 
where n = 2p or n = 2p + 1, and analysed the trace identities which follow 
from the presentation (1.5) of the homotopy group 7ri(E) and a set of rank identities. 
These identities together generate a two-sided ideal. For generic g there arc precisely 
6g — 6 independent elements which satisfy the algebra (1.1-4). The reduction from 
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n(n— 1) 
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= {g + 1)(2(7 + 1) to 6(7 — 6 results from the use of the above mentioned 
identities [7] but is highly non unique. For g = 2 the reduction from the original 15 
elements aij to 6 independent elements has been the subject of a long study. Here 
this reduction is implemented explicitly in terms of a set of 6 independent operators 
which satisfy a particularly simple algebra. There are many such possibilities but a 
convincing set is described as follows: 

We group the vertices of the hexagon into 3 sectors, see Fig. 2, the vertices labeled 
2b and 26 — 1 belonging to the sector b, b = 1 ■ ■ ■ 3. Accordingly we define the sector 
function s[2b] = s[2b — l] = b. A convenient choice for the 6 independent elements 
is given by 3 commuting angles ip-b — —(pb, b — =bl ■ ■ ■ ± 3 defined by: 

02b-i,2b = r ^ = 1---3 (1.7) 

COS I 

and commuting operators M^b with the properties: 



Mab = Mba a,6 = ±l---±3 

Ma,-a = 1, Ma,-bMb,c = Mac 

The Mab act as raising and lowering operators on the (pa'- 



M±a,b<fia = {VaTO)M±a,b (1-9) 

It can be checked that the 12 remaining aik are represented by: 



^ K^+l ^"^^'^^ ^ exp(-i(n(fc + l)(/?a + TOjV6))x 

n,m=±l 

^ : '/ ^ : '/ \ M^a.mb 

sm(n(/?oj sm^mifib) 

where we set k = k mod 2 + | and a = s{k), b = s{j), a, b, c in cyclical order. 
Under these conditions the satisfy the trace and rank identities. These identities 
can all be derived from: 

012034 + K~^a23ai4 - K~^ai3a24 - ^56 = (l-H) 

by repeated commutation with the elements of the algebra (1.1-4). For example two 
useful identities are: 
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K^ai2a46 + Ka24ai6-K{l + K^)as4a45-K^ai4a26 + {1-K + K^)as5 = (1.12) 



(1 + i^^)((l + K)a34a5ea45 - ^^034046 - 056035)+ 

+K^ai4a25 — K^ai2a45 — Ka24ai5 + K{1 + — K)a36 = 

and their images under cyclical permutations of the indices 1 • • • 6. These identities 
are certainly not all independent. By heavy use of computer algebra we were able to 
show that (1.11-12) and their images follow from (1.7-10). 

The relations (1.8-9) follows from the single sector factorisation for all a,b = ±1 • • -i 
3: 

Mab = MaMb = Mba = MbMa (1.13) 

M-a = (1.14) 

M±aVa = iVaTO)M±a (1-15) 

It is clear that (1.13-15) can be formally satisfied by setting Ma = exp ^ — ^g^^ 
and therefore Mab = exp ^ — ^(g^ + turn (1.10) becomes: 



1 sin (f + n^a+rn^b+'Pc ^^^^ (-| ^ n^^+rn^,-^, ^ 



X 



2cos(f)^,^^, sinn<^a sinm^b 

X exp ^ - i(n{k + l)(fa + mjipb + 0{npa + rnpb))^ 

where we have used the Baker-Hausdorff formula [8]: 



AB — BA^ 

exp A expS = expM-^SH ) = exp{AB - B A) exp B exp A (1.17) 



valid when AB — BA is a C-number and Ma = exp{—i9pa)- Note that, from (1.7) 
and (1.16), all of the 15 original aij are expressed in terms of the 3 angles (pa and 
their conjugate momenta Pa- 
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The treatment of (1-16) can be further simphfied by noting that a^j — ^j:,^^abU^j 
where: 

U,, = e.p UA±2M±M I ,1.18) 



ia6 



E 

n,Tn=±l 



sm 



( 9 , nif„ -I- 111.^1, +V^c 
14""" 2 



sm (f + ^Va+»up,-^. ^ 



2cos(f) 
X exp ( - i9{npa + mpb)) 



X 



Aab is an operator which is a function of the sectors a, b only and is independent of 
the position of k,j within a,b. 

The discussion of the representations of (1.13-15) is considerably simplified by 
the introduction of the deformed Euler Gamma-function r{z, 0) (see Appendix for 
the definition and a list of properties) which extends to the complex domain the 
symbol: 



n 



! = n 



smi^ 



, sm ^ 



(1.19) 



In particular r(n -|- 1, ^) = 
z with poles at 2; = —s 
s,r > 1 and integer. 



n 



! and r(z, 9) is a meromorphic analytic function of 



— s,r > and integer and zeroes at 2; = s -|- 



2. Representations. 

The atj expressed by (1.7) are by definition all hermitian operators. We denote 
by (f)a the generic eigenvalue of the operator (fa and set = (f>2, 4^3}, = 

cos(/)a, z — {zi, Z2, zs} where the Za are real and restricted to a domain C R^. 
Let T with = 1 be the antilinear conjugacy operator ^{z) ^*{z). A measure 
a{z)d^z with a{z) > and real turns H into a Hilbert space H with norm: 

|^|2 = J \q,{z)fa{z)d'^z (2.1) 

The weight function a{z) can be determined from the hermiticity of the aij (1.7) as 
follows. 
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Let Pa — —'i'lSr, — 1, 2, 3 satisfying the CCR: 



{^a^^b) = 0, (v?a,Pfe) = iSab, iPa,Pb) = 0, a,b, = 1,2,3 (2.2) 
it follows by conjugation that: 

= 0' = ^Sab, (pIpI) = 0, a,b, = 1,2,3 (2.3) 

but also that 

<fl = T<faT, a2a,2a-l = Ta2a,2a-lT, a = 1,2,3 (2.4) 

The hermiticity relation between 0,0^ namely {^,0^)* = (Ot$^$) implies 
(-'sfc) = Butilr = sifc!)fr whereby: 

"» = {-'i) = ('^'"^"S;) = '^"i-/ = (2.5) 

= ia-^ — aT sin (f)aT = -iTa'^—a sin0«T = -Tp-^p^pT 

dZa OZa 

where p{(p) = Csin(/)i sin(/)2 sin(/)3a(2), C being a normalization constant, the 

operator p = p((/?i, (/?2, '/'a) = p(v') is now to be determined by extending (2.4) to 
all i,k as Uik = a\ = TaikT. 
From (1.16-18) we obtain by conjugation: 



" 2co!(^) ^fe^^^ ^ exp(^^(npt+TOpt)jx 

V2/ n,m=±l 



^.^ ^ n4+m4+^J j Sin + id+H^LA^ (2-6) 

^ ■ t • t 

sm n(/7i smrrKpl 

We apply now [1.17] and reorder the operators in (2.6) by bringing the exponential 
factor to the right thus finding: 



sm I f + ^"' 7"'^^ sin f + 2 



2cos(f) '^J^^^^^^ sin(n(^| + ^) sin (my? J + ^) 

X exp (^i9{np\ + rnpl)jUj^-^'^ 



■X 



and 



''^ 2cos(f) n7^±i sin(n^a + 6') sm{m(fib + 9) 

X exp (iO{npa + mpbi^U^T 

(2.7) 

We define the maps: 

4>a, 4>h, 4>c ^^"^^^ (j)^ + 77,6*, + md, (j)c (2.8) 



where as before n, m take all values ±1 and a,b,c are any permutation of 1,2,3 
From ttik = aj^ = TaikT anc 
relation in the eigenvalues z: 



From ttifc = aj^ = TaikT and by comparing (2.7) with (1.16) we find the recursion 



A{na,mb)a{zi,Z2,Z3) = a{zi,Z2,zs)x 

sin (f - "^^+^^'^+^c ) sin (I - r^^a+rn^t-v^. ^^ (2.9) 

^ sin (— + ^^a+'^'-Pb + ^c ^ g^j^ (M _|_ nya+"Zyb-yJe ^ 

A solution of (2.9) is then provided by: 
(x(2;i,2;2,2;3) = P((/)) _[_[ i" 4 T ^ YO ' J ^ ^ 

mim2?Ti3=±l 

where g is arbitrary and integer and -P(0) is invariant under (2.8), otherwise arbitrary, 
in (2.10) the product is carried on all independent sign choices of mi, m2, 1713. 
By using (A. 7) we see that: 

E{cP,e,q+l) = S{4>)E{4>,e,q) 

where: 

crj,\ 08/0 • a\-^ TT • f ^ , 1'^ , "^101 + ^202 + "7-303 A 

5(0) = 2«(2sm^) e II sm7r{-- + — + — 1 

mi,m2,m3=±l 

^;(^,e,.)= n r(-l + ^ + ""^' + ";f ^'"^ .a^) (2.11) 

Tni,m2,m3=±l ^ ^ 
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Since S{(f)) is invariant under (2.8) it can be absorbed into P{<f) hence the appearance 
of q does not signal any new arbitrariness. It is however convenient in our discussion 
to have a solution which depends explicitly on q. 

The function p{(f)) is periodic of period 2n and odd in 01, (f)2, 03 if we have (see (2.10) 
and (A. 7)): 



p(01 +27r,02,03) _ P(01+27r,02,03)^ 



P(01,02,03) P(0i,02,03 

~4 ~e~ ^ 29 



siuTT (-i + ^ + '^i+^^'^^+^303 



26 



-ui sinTT - '^^"^^^ + ^ 
m2m3=±l oni I 4 ^ 

This be achieved by setting 

2(7—1 

^ = — 27r , t integer (2.12) 

2t + l ' ^ ^ ^ 

and P(^) = 1. 

We list here the basic properties of E{(f), 9, q): 

1) . E{(p, 9, q) is even in each of the (pi, 4>2, 4'3- 

2) . E{(f), 9, q) is periodic of period 27r in each of the 01, 02, 03- 

3) . E{(f), 9, q) is real but not necessarily positive for 0i, 02, 03 all real. It follows by 

analytic continuation that -E'(0^, 9, q) = E((j), 9, q)^ . 

4) . E[cj),9,q) is real and positive if at least one of the 0i,02,03 is imaginary and 

the others real. This follows from the possibility of arranging (2.11) in pairs of 
conjugate factors. 

In this case we may choose a{z) = E{(f), 6*, q). The discussion of the positivity of the 
function a{z) for arbitrary z is rather involved. A particular solution is provided by 
restricting all Za to the hyperbolic domain Za > I, i.e. all 0a pure imaginary. In this 
case all akj from (1.7) and (1.16) are represented by unbounded hermitian operators. 
This, and the inclusion of the other SL{2, R) component, will be discussed elsewhere 
[9]. 



Appendix. 

Here we give the definition and a comprehensive list of properties of the deformed 
Euler Gamma function: 
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z-1 



T{z,9) = 



2 sin I 



'^'ni[2^n) r(i-. + ^) 



{A.l) 



\imT(z,e) = T(z) 



{A.2) 



r{i,e) = 1 



{A.3) 



sin 



02 



r(^ + l,^) = r{z,e) f, r(n+l,^) = n in integer >0 

sin I L J 

r^^ + y,^] = 2sin(7r^)('2sinQ 'T{z,e) 



(AA) 
{A.5) 



, , , , 27rsinf 

V{z,d)T{\-z,d) = 2 



r(^, ^)r ( 1^ - ^, ^ 



6'sin(7r2;) 



3- 2 sm - 

^sin# V 2 



(^.6) 
(A.7) 



r(.,^)r(n-^-.,^) = ^(2sin^ 

Setting ^' = ^ we have the duahty property: 



-1 z-K 

-L a 



{A.i 



Qz 



z6 1 



6'\'^ d' 
2 sin - — 
2) 2tt 



(A9) 



(A. 9) is meaningless in the hmit ^ — > and therefore the standard Euler Gamma func- 
tion T{z) has no dual symmetry. From (A. 9) it follows that the function T{z, a, h) = 
aT{bz,^) (2sin^)''^ ^ is symmetrical i.e T{z,a,b) = T{z,b,a). Duality ex- 
changes (A.4) with (A. 5) and (A.6) with (A. 7). 
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